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1 Cross Ratio. Harmonic Conjugates. Perspectivity. Projetivity
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Definition 1. Let A, B, C, and D be colinear points. Theoss ratioof the pairs of pointgA, B) and

(C,D)is
AC AD
Z(AB,C,D)= = —.
CB DB
Leta, b, ¢, d be four concurrentlines. For the
given linesp; and p; let us denote; = an p,
Bi=bnp,C=cnp,Di=dnp,fori=1, 2. A 7)
Then
AL CiB D
H(A1,B1;C1,D1) = Z(A2,B2,C,D2).  (2) /A Gl B N
Thus it is meaningful to define the cross ratio
of the pairs of concurrent points as 0,
Z(a,b;c,d) = %#(A1,B1;Cy,D1). 3)
Assume that point®,, Oy, A, B, C, D belong 01
to a circle. Then
D
%(O1A, OlB; 01C, OlD)
A
= Z(02A,02B;0,C,02D). (4) B
C

Hence it is meaningful to define the cross-ratio for cocypbints as

%(A, B;C, D) = %(OlA, 0;B; 01C, OlD).

1)

(5)
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Assume that the pointg, B, C, D are colin-
ear or cocyclic. Let an inversion with center
mapsA, B, C, D into A%, B*, C*, D*. Then

2%(A.B;C,D) = %Z(A*,B*;C*,D*).  (6)

Definition 2. Assume that A, B, C, and D are cocyclic or colinear pointsrdaf points(A, B) and
(C,D) are harmonic conjugate$ Z(A,B;C,D) = —1. We also writes#’(A, B;C,D) when we want
to say that{A,B) and(C, D) are harmonic conjugates to each other.

Definition 3. Let each of{ and , be either line or circle.Perspectivitywith respect to the point S
%, is the mapping ofl— I, such that

(i) If eitherly orl, is a circle than it contains S;
(i) every point A €11 is mapped to the pointA= OA; N15.

According to the previous statements perspectivity presethe cross ratio and hence the ha
monic conjugates.

Definition 4. Let each of{ and b be either line or circle Projectivityis any mapping fromylto I,
that can be represented as a finite composition of perspgesiv

Theorem 1. Assume that the points A, B, Cy,0and D, are either colinear or cocyclic. If the
equationZ(A,B;C,D;) = Z(A,B;C,D,) is satisfied, then P= D,. In other words, a projectivity
with three fixed points is the identity.

Theorem 2. If the points A, B, C, D are mutually discjoint amé(A,B;C,D) = #(B,A;C,D) then
€ (A,B;C,D).
2 Desargue’s Theorem

The trianglesA;B1C; andA,B,C; areperspective with respect to a ceniéthe linesA1A, B1By,
andC,;C; are concurrent. They aperspective with respect to an akishe pointsk = B1C; NByCy,
L =AC:NAC, M = A1B1 NAB; are colinear.

Theorem 3 (Desargue).Two triangles are perspective with respect to a center if anly if they
are perspective with respect to a point.

3 Theorems of Pappus and Pascal

Theorem 4 (Pappus). The points A, Az, Az belong to the line a, and the pointsg By, B; belong
to the line b. Assume thatB, NAsB; = C3, A1BsNA3B; = Cy, AoBzNA3B, =C;. Then G, G, C3
are colinear.

Proof. DenoteC, = C;C3NA3zB1, D = A1B, NA3B1, E = AB1 NA3B, F =anb. Our goal is to
prove that the point§, andC, are identical. Consider the sequence of projectivities:

A3B1DC; % FB;1ByB3 % AsEB,C; 2 A3B1DCh.

We have got the projective transformation of the kB, that fixes the pointégs, B1, D, and maps
C, to C,. Since the projective mapping with three fixed points is thentity we haveS, = C,,. O
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Theorem 5 (Pascal).Assume that the points A, Ag, B1, By, B3 belong to a circle. The pointin
intersections of B, with A;Bq, A1Bs with AsB1, A;Bs with AzB, lie on a line.

Proof. The pointsC5, D, andE as in the proof of the Pappus theorem. Consider the sequénc
perspectivities
AgB1DC; 7 AgB1ByB3 % AsEB,C1 7 AgB1DCy.

In the same way as above we conclude @t C,. [

4 Pole. Polar. Theorems of Brianchon and Brokard

Definition 5. Given a circle KO, r), let A* be the image of the point#& O under the inversion with
respect to k. The line a passing through @nd perpendicular to OA is called thgolar of A with
respect to k. Conversely A is called thele of a with respect to k.

Theorem 6. Given a circle KO,r), let and a and b be the polars of A and B with respect to k. Tl
A€ bifand only if B a.

Proof. A€ bif and only if ZAB*O = 90°. AnalogouslyB € a if and only if ZBA*O = 90°, and it
reamins to notice that according to the basic propertiesw@rsion we have’ AB*O = Z/BA*O. O

Definition 6. Points A and B are calledonjugatedvith respect to the circle k if one of them lies or
a polar of the other.

Theorem 7. If the line determined by two conjugated points A and B irtetsKO,r) at C and D,
thens#(A,B;C,D). Conversely if#Z(A,B;C,D), where CD € k then A and B are conjugated with
respect to k.

Proof. Let C; andD; be the intersection points @A with k. Since the inversion preserves the
cross-ratio and?(Cy,D1; A, A") = %#(Cy,D1; A", A) we have

%(C]_,Dl;A,A*). (7)

Let p be the line that contain& and intersectk atC andD. LetE = CC, NDD;, F = CD; N DC;.
SinceC;D; is the diameter ok we haveC;F L D,E andD1F LCiE, henceF is the orthocenter of
the triangleC1D1E. LetB = EFNCD andA* = EFNC;D;. Since

C1D1AA" SCDAB%D1C1AA
have.#’(Cy,D1;A,A*) and.s#(C,D;A,B). (7) now implies two facts:

1° From %(Cl,Dl;A,A_\*) and s7(Cy,Dq; A A") we getA" = A*, henceA* € EF. However,
sinceEF 1 C;D1, the lineEF = ais the polar ofA.

2° For the pointB which belongs to the polar & we haves#(C,D;A,B). This completes the
proof.d

Theorem 8 (Brianchon’s theorem). Assume that the hexagonA#AszA4AsAg is circumscribed
about the circle k. The lines;A4, A2As, and AAg intersect at a point.
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Proof. We will use the convention in which the points will be denobsdcapital latin letters, and
their repsective polars with the corresponding lowercaters.

Denote byM;, i = 1,2,...,6, the points of tangency &A1 with k. Sincem; = A/A 11, we
haveM; € a;, M € a1, henceg; = M;j_1M;.

Let bj = AjAj43, j =1,2,3. ThenBj = ajNaj;3 = Mj_1Mj N M;3Mj 4. We have to prove
that there exists a poim such thatP € by, by, bz, or analogously, that there is a lireesuch that
B, B>, B3 € p. In other words we have to prove that the poiB{sB,, B3 are colinear. However this
immediately follows from the Pascal’s theorem applie®tdMzMsM4MgM,. O

From the previous proof we see that the Brianchon’s theoseobiained from the Pascal’s by
replacing all the points with their polars and all lines bgitk poles.

Theorem 9 (Brokard). The quadrilateral ABCD is inscribed in the circle k with cen©. Let
E = ABNCD, F=ADNBC, G=ACNBD. Then O is the orthocenter of the triangle EFG.

Proof. We will prove thatE Gis a polar ofF. Let
X =EGNBCandY = EGNAD. Then we also
have

ADY F %BCXF %DAYF,
which implies the relations#’(A,D;Y,F) and
2 (B,C; X,F). According to the properties of
polar we have that the poin¥ andY lie on a
polar of the point=, henceEG is a polar of the B\ X JC
pointF.

SinceEG is a polar ofF, we haveEGLOF. Analogously we havéG1OE, thusO is the
orthocenter oNEFG. O

5 Problems

1. Given a quadrilaterahBCD, letP = ABNCD, Q = ADNBC, R=ACNPQ, S=BDNPQ.
Prove that’Z (P,Q;R,S).

2. Givenatriangl&BCand a poiniM onBC, letN be the point of the lin8C such that MAN =
90°. Prove that?’(B,C; M, N) if and only if AM is the bisector of the angléBAC.

3. LetA andB be two points and let be the point of the lin@B. Using just a ruler find a point
D on the lineAB such that’# (A, B;C, D).

4. LetA, B, C be the diagonal points of the quadrilatePEDRS or equivalentlyA = PQN RS
B=QRNSP,C=PRNQS If only the pointsA, B, C, S, are given using just a ruler construc
the pointsP, Q, R.

5. Assume that the incircle @k ABCtouches the sideBC, AC, andABatD, E, andF. LetM be
the point such that the circlg incscibed inABCM touchesBC atD, and the sideBM and
CM atP andQ. Prove that the lineEF, PQ, BC are concurrent.

6. Given a triangleABC, let D andE be the points oBC such thaBD = DE = EC. The linep
intersectAB, AD, AE, ACatK, L, M, N, respectively. Prove th&N > 3LM.

7. The pointM; belongs to the sid&B of the quadrilateraABCD. Let M, be the projection of
M; to the lineBC from D, M3 projection ofM to CD from A, M4 projection ofM3 to DA from
B, M5 projection ofM4 to ABfrom C, etc. Prove thal;3 = M;.
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(butterfly theorem) Pointgl andN belong to the circlé. Let P be the midpoint of the chord
MN, and letABandCD (A andC are on the same side BfN) be arbitrary chords df passing
throughP. Prove that line®\D andBC intersectMN at points that are equidistant fran

. Given a trianglABC, let D andE be the points of the sidesB andAC respectively such that

DE||BC. Let P be an interior point of the trianglaDE. Assume that the lineBP andCP
intersectDE atF andG respectively. The circumcircles diPDG and APFE intersect aP
andQ. Prove that the point8, P, andQ are colinear.

(IMO 1997 shortlist) LeA;A>A3 be a non-isosceles triangle with the incentdretC, i = 1,
2, 3, be the smaller circle throughiangent to bot A 1 andAA; 2 (summation of indeces
is done modulus 3). Le®;, i = 1, 2, 3, be the other intersection point@f ; andCi . ». Prove
that the circumcenters of the trianglegB; 1, A2Byl, AsBzl are colinear.

Given a triangléABC and a poinfT, let P andQ be the feet of perpendiculars fromto the
linesABandAC, respectively. LeR andSbe the feet of perpendiculars frofito TC andT B,
respectively. Prove that the intersectiorRiRandQSbelongs taBC.

Given a triangl@&BC and a pointM, a line passing throughl intersectsAB, BC, andCA at
C1, A1, andBy, respectively. The lineAM, BM, andCM intersect the circumcircle oA ABC
repsectively af\,, B, andC,. Prove that the lines; Ay, B1B,, andC;C; intersect in a point
that belongs to the circumcircle afABC.

LetP andQ isogonaly conjugated points and assume th&P,P; and AQ1Q.Q3 are their

pedal triangles, respectively. L¥i = P.Q3NP3Qy, Xo = PLQ3NP3Q1, X3 = PLQ2 NPQs.
Prove that the pointX;, Xp, X3 belong to the lind>Q.

If the pointsA andM are conjugated with respect kp then the circle with diamete&M is
orthogonal tck.

From a poinf in the exterior of a circld two tangentAM andAN are drawn. Assume that
K andL are two points ok such thatA K, L are colinear. Prove th&dN bisects the segment

PQ.

The pointisogonaly conjugated to the centroid is calledlemuarpoint. The lines connected
the vertices with the Lemuan point are caldnmediansAssume that the tangents frddn
andC to the circumcircld” of AABCintersect at the poir®. Prove thatAP is a symmedian
of AABC.

Given a triangl@BC, assume that the incircle touches the siBESCA, AB at the pointdM,
N, P, respectively. Prove th#&M, BN, andCP intersect in a point.

LetABCDbe a quadrilateral circumscribed about a circle. MeN, P, andQ be the points of
tangency of the incircle with the sidéd3, BC, CD, andDA respectively. Prove that the lines
AC, BD, MP, andNQ intersect in a point.

LetABCDDbe a cyclic quadrilateral whose diagonAlS andBD intersect aD; extensions of
the sidesABandCD atE; the tangents to the circumcircle frodmandD atK; and the tangents
to the circumcircle aB andC atL. Prove that the points, K, O, andL lie on a line.

LetABCD be a cyclic quadrilateral. The linegsB andCD intersect at the poinE, and the
diagonalsAC andBD at the pointF. The circumcircle of the triangleA AFD and ABFC
intersect again dtl. Prove tha EHF = 90°.
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6 Solutions

1. LetT = ACNBD. Consider the sequence of the perspectivities

PQRS-BDT S%QPRS
Since the perspectivity preserves the cross-r#ti®, Q; R, S) = Z(Q,P; R,S) we obtain that
A (P,QRS).
2. Leta = Z/BAC, 3 = ZCBA y= Z/ACBand¢ = /BAM. Using the sine theorem chABM
andAACM we get

BM_BMAM _sing _siny
MC AMCM sinB sin(a—¢)’
Similarly using the sine theorem ahABN and AACN we get
BN BNAN  sin(90°—¢) siny
NC ANCN  sin(180 —B) sin(90° +a — )’

Combining the previous two equations we get

BM BN _ _tang
MC "NC tana—¢)

Hence|#Z(B,C;M,N)| = 1 is equivalent to tagt = tan(a — ¢ ), i.e. to¢p = /2. SinceB#C
andM # N, the relation|Z(B,C;M,N)| = 1 is equivalent toZ(B,C;M,N) = —1, and the
statement is now shown.

3. The motivation is the problem 1. Choose a p#indutsideAB and pointL on AK different
from A andK. LetM = BLNCK andN = BKNAM. Now let us construct a poirld as
D = ABNLN. From the problem 1 we indeed hav€(A,B;C,D).

4. Let us denot® = ASNBC. According to the problem 1 we haw#’(R,S;A,D). Now we
construct the poinD = ASNBC. We have the point#, D, andS, hence according to the
previous problem we can construct a posuch that’#’(A,D; S R). Now we construct
P =BSNCRandQ = CSNBR, which solves the problem.

5. It is well known (and is easy to prove using Ceva’s theortra) the linesAD, BE, andCF
intersect at a poir® (called a Gergonne point @ABC) Let X = BCNEF. As in the problem
1 we haves#”(B,C; D, X). If we denoteX’ = BCNPQ we analogously have# (B,C; D, X’),
henceX = X'.

6. Letus denote =KL, y=LM, z=MN. We have to prove that+y+z > 3y, or equivalently
X+2z> 2y. SinceZ(K,N;L,M) = %Z(B,C;D,E), we have

— ——

A
a
X
<

X  X+y

y+z z L

I

|
ST
) 3l

|

pzd
<
pd

implying 4xz= (x+Y)(y+ 2).
If it werey > (x+2)/2 we would have

1 1
X+y> gx+ 52= ZZ(X—f— X+ X—+2) > 2y/XXXz

and analogously+z > 2 {¢/xzzzas well agx+Y)(y+ z) > 4xzwhich is a contradiction. Hence
the assumptioy > (x+ z)/2 was false so we hawe< (x+2)/2.

Let us analyze the case of equalityyl= (x+2)/2, then &z= (X+Y)(X+2) = (3X+2)(x+
32)/4, which is equivalent t¢x — z)2 = 0. Hence the equality holdsxf=y = z. We leave to
the reader to prove that=y = zis satisfied if and only ip || BC.
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7.

10.

LetE = ABNCD, F = ADNBC. Consider the sequence of perspectivities
ABEM %FBCM, 5DECM; *DAFM,; SEABM. (8)

According to the conditions given in the problem this sequenf perspectivites has two
be applied three more times to arrive to the pdifiiz. Notice that the given sequence of
perspectivities mapato E, E to B, andB to A. Clearly if we apply (8) three times the points
A, B, andE will be fixed while M; will be mapped tdM13. ThusM; = Ma3.

. LetX’ be the point symmetric t8 with respect tdP. Notice that

ZM,N; X, P) = Z(M,N;PY) (from MNXP%MNAC >MNPY)
= Z(N,M;PX') (the reflection with the centét preserves
the ratio, hence it preserves the cross-ratio)
1

_ _ v/
= ZNXP Z(M,N; X', P),

where the last equality follows from the basic propertieshef cross ratio. It follows that
X=X

. LetJ=DQNBP, K = EQNCP. If we prove thatlK || DE this would imply that the triangles

BDJ andCEK are perspective with the respect to a center, hence witleceps an axis as
well (according to Desargue’s theorem) which immediateiplies thatA, P, Q are colinear
(we encourage the reader to verify this fact).

Now we will prove thatIK||DE. Letus denotd = DENPQ. Applying the Menelaus theorem
on the triangleDT Q and the linePF we get

Similarly from the triangleE T Qand the linePG:

—_— = =

EKQPTG 1

o —— g Y

KQPT GE
Dividing the last two equalities and usifyl - TG=FT - TE (T is on the radical axis of the
circumcircles ofADPG and AFPE), we get

oll8l
3l

ThusJK || DE, g.e.d.

Apply the inversion with the respect to We leave to the reader to draw the inverse pictur
Notice that the condition thatis the incentar now reads that the circumciréks", ;| are of
the same radii. Indeed R is the radius of the circle of inversion andhe distance between
| andXY then the radius of the circumcircle dfIX*Y* is equal toR?/r. Now we use the
following statement that is very easy to prove: "lgt ky, ks be three circles such that all
pass through the same polptbut no two of them are mutually tangent. Then the centers
these circles are colinear if and only if there exists anotbenmon pointl # | of these three
circles.”

Inthe ipverse picture this transforms into proving thatlihesA;Bj, A5B5, andA;Bj intersect
at a point.



11.

12.

13.
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In order to prove this it is enough to show that the correspansides of the triangle&] ASAS
andB;B;B; are parallel (then these triangles would be perspectivengipect to the infinitely
far line). Afterwards the Desargue’s theorem would implgttthe triangles are perspective
with respect to a center. L&" be the incenter oA’ ;A" ,I, and letQ; be the foot of the
perpendicular fronh to B, P’ ,. Itis easy to prove that

1A =2Q1Q; = —PiR.
Also since the circles; A’ ;| are of the same radii, we ha#P; || B{B5, henceAA; || B1B;.

We will prove that the intersectiofiof PRandQSlies on the lineBC. Notice that the points
P, Q, R, Sbelong to the circle with cent&T. Consider the six point, S R, T, P, Q that lie
on a circle. Using Pascal’'s theorem with respect to the diagr

we get that the point8, C, andX = PRN QSare colinear.

First solution, using projective mappingket As = AMNBC andBz = BMNAC. Let X be
the other intersection point of the lidg A, with the circumcirclek of AABC. Let X’ be the
other intersection point of the lir B, with k. Consider the sequence of perspectivities

ABCX % A3BCA; % ABsCB; Z ABCX
which has three fixed points B, C, henceX = X’. Analogously the lin€;C, containsX and

the problem is completely solved.

Second solution, using Pascal’s theore®ssume that the lin@; A intersect the circumcircle
of the trianlgeABCat A, andX. Let XB, NAC = Bj. Let us apply the Pascal’s theorem on th
pointsA, B, C, A, B, X according the diagram:

It follows that the pointsA;, B}, andM are colinear. Henc8; € A{M. According to the
definition of the poinB; we haveB; € AChenceB] = AiIMNAC = B;. The conclusion is that
the pointsX, B1, By are colinear. Analogously we prove that the poixt€,, C, are colinear,
hence the linedy Az, B1B,, C1C; intersect aX that belongs to the circumcircle of the triangle
ABC.

It is well known (from the theory of pedal triangles) thdal triangles corresponding to
the isogonally conjugated points have the common circuwtgiso callegedal circleof the
pointsP andQ. The center of that circle which is at the same time the miadlpafi PQ will

be denoted bRR. LetP; = PPN QiR andP; = PRN Q2R (the pointsP; andP; belong to the
pedal circle of the poin®, as point on the same diametergasandQ, respectively). Using
the Pascal’s theorem on the poifis, P>, P, Qz, Py, P; in the order shown by the diagram
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14.

15.

16.

17.
18.

Py P Q

we get that the pointB, R, X; are colinear oX; € PQ. Analogously the pointX5, X3 belong
to the linePQ.

Let us recall the statement according to which the clridénvariant under the inversion with
respect to the circle if and only if| =k orl L k.

Since the poinM belongs to the polar of the poiAtwith respect tck we have/MA*A = 90°
whereA* = (4 (A). ThereforeA* € | wherel is the circle with the radiuAM. Analogously
M* € |. However fromA € | we getA* € I*; A* €| yieldsA € I* (the inversion is inverse to
itself) hencey; (A*) = A). Similarly we getM € I* andM* € |*. Notice that the circlesand
I* have the four common poins A*, M, M*, which is exactly two too much. Hente= I*
and according to the statement mentioned at the beginningpweludel = korl L k. The
casd =k can be easily eliminated, because the cit¢las the diametekM, andAM can't be
the diameter ok becausé andM are conjugated to each other.

Thusl Lk, g.e.d.

LetJ=KLNMN, R=INMN, X, =INAM. SinceMN is the polar ofA fromJ € MN we get
A (K,L;J,A). FromKLJA % PQRX, we also have#’ (P,Q;R X ). This implies thaR is the
midpoint of PQ.

LetQ be the intersection point of the lind$ andBC. Let Q' be the point oBC such that the
ray AQ is isogonal to the rapQin the triangleABC. This exactly means thatQ’ AC= Z/BAQ
i /BAQ = ZQAC.

For an arbitrary poinX of the segmenBC, the sine theorem applied to trianglBAX and
XACyields

% B %ﬁ B sinZBAX sinZACX B sinZACX sin/BAX B A_BSinLBAX
XC AXXC sin/ZABXsin/XAC sin/ABXsin/XAC ACsin/XAC

Applying this toX = Q andX = Q' and multiplying together afterwards we get

BQBQ _ ABsin/BAQABsin/BAQ  AB?
QCQC ACSInZQACACSINnZQAC AC?

(9)

Hence if we proveBQ/QC = AB?/AC? we would immediately havBQ /QC = 1, making
Q' the midpoint ofBC. Then the lineAQ s isogonaly conjugated to the median, implying thi
required statement.

SinceP belongs to the polars @& andC, then the point® andC belong to the polar of the
point P, and we conclude that the polar Bfis preciselyBC. Consider the intersectidn of
the lineBC with the tangent to the circumcircle At Since the poinD belongs to the polars
of AandP, AP has to be the polar d. Hences#(B,C; D, Q). Let us now calculate the ratio
BD/DC. Since the triangleABD andCAD are similar we hav8D/AD = AD/CD = AB/AC.
This impliesBD/CD = (BD/AD)(AD/CD) = AB?/AC?. The relation#(B,C; D, Q) implies
BQ/QC = BD/DC = AB?/AC?, which proves the statement.

The statement follows from the Brianchon'’s theoremiapgb APBMCN

Applying the Brianchon’s theorem to the hexagdiBCPDwe get that the lind1P contains
the intersection oAB andCD. Analogously, applying the Brianchon’s theorenABNCDQ
we get thalNQ contains the same point.
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19.

20.
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The Brokard'’s theorem claims that the polarof= ADNBC is the linef = EO. Since the
polar of the point on the circle is equal to the tangent at pleant we know thakK = and,
wherea andd are polars of the point& andD. Thusk = AD. SinceF € AD = k, we have
K € f as well. Analogously we can prove tHat f, hence the pointg, O, K, L all belong to
f.

LetG = ADNBC. Letk be the circumcircle oABCD. Denote byk; andk; respectively the
circumcircles ofAADF and ABCF. Notice thatAD is the radical axis of the circldsandkg;
BCthe radical axis ok andky; andFH the radical axis ok; andk,. According to the famous
theorem these three radical axes intersect at one @ittt other words we have shown that
the pointsF, G, H are colinear.

Without loss of generality assume thatis betweenG andH (alternatively, we could use
the oriented angles). Using the inscribed quadrilatex8I6H andBCFH, we get/DHF =
/DAF = /DACand/FHC = /FBC= /DBC, hence/DHC = /DHF + /FHC = /DAC+
/DBC=2/DAC= /DOC. Thus the point®, C, H, andO lie on a circle. Similarly we prove
that the point#\, B, H, O lie on a circle.

Denote byks andk, respectively the circles circumscribed about the quaeritdasABHOand
DCHO. Notice that the linéAB is the radical axis of the circldsandks. SimlarlyCD and
OH, respectively, are those of the pairs of circl&sky) and (ks,ks). Thus these lines have
to intersect at one point, and that has toEheThis proves that the pointd, H, andE are
colinear.

According to the Brocard’s theorem we hawél 1 OE, which according t&cH = GH and
OE = HE in turn implies thalGH | HE, g.e.d.



